Multiplicity distributions of charged particles produced in the e + e − collisions at LEP2 energies ranging from 91 to 206 GeV in full phase space, are compared with predictions from Tsallis qstatistics and the recently proposed Weibull distribution functions. The analysis uses data from two LEP experiments, L3 and OPAL. It is shown that Tsallis q-statistics explains the data in a statistically acceptable manner in full phase space at all energies, while the Weibull distribution fails to explain the underlying properties of the data. Modifications to the distributions proposed earlier, are applied to uncover manifold improvements in explaining the data characteristics.
I. INTRODUCTION
The particle production in high energy particle-particle interactions can be understood in terms of several theoretical and phenomenological models. Several of these models are derived from quantum chromodynamics, laws of fluid mechanics, statistical mechanics, thermodynamics, hydrodynamics etc. These models have been intriguingly successful in explaining the data trends. To understand the production mechanism, concepts from ensemble theory in statistical mechanics have been used to develop models which include statistical fluctuations as an important source of information. Several distributions based on the statistical analyses have played an important role in the understanding of multiplicity distributions. A host of such distributions can be found in the references [1] [2] [3] [4] [5] [6] [7] . Several of the distributions such as Tsallis [8, 9] , Gamma [10] , HNBD [11] etc. have been derived from the concepts of statistical mechanics and ensemble theory. The novel approach in the Tsallis qstatistics incorporating non-extensive entropy to describe the particle production has been successfully applied to heavy-ion and p-p collisions at some energies [12] . The non-extensive property of the entropy is quantified in terms of a parameter q which turns out to be more than unity under this assumption. Weibull distribution is another statistical distribution which has been studied to describe multiplicity distributions in e + e − and also for ep collisions by authors S. Dash et al [7] and S.Hegyi [13, 14] .
In the present study, we focus on investigating the multiplicity distributions, in full phase space, to study the characteristic properties of charged particle production in e + e − collisions at different energies at LEP2. In one of our recent publications [15] , we analysed the data √ s=14 to 91 GeV in terms of Tsallis distribution and Weibull distribution. We also proposed a modification to improve the comparison between the predicted and the experimental values. The modification of distributions was done * Electronic address: manjit@pu.ac.in by the convolution of PDFs from 2-jet fraction and multijet fractions by assigning appropriate weights. The 2-jet fractions for different energies were calculated from the DURHAM algorithm. It was observed that the multiplicity distribution shows a shoulder structure at higher energies(Give reference). The presence of a shoulder structure in the multiplicity distribution was observed at LEP1 energy of √ s=91 GeV. The multiplicity distributions at LEP2 energies confirmed the presence of shoulder structure at higher energies as well. In our earlier publication [15] we had analysed the data only at 91 GeV and observed that the modification of distributions for both Tsallis and Weibull distributions improves the fitting by several orders, both in restricted rapidity windows and in full phase space. However our results were not absolutely conclusive in the absence of analyses of data from higher energies. In this paper we extend the analysis by comparing the multiplicity distributions obtained from Tsallis q-statistics with the Weibull distribution in the full phase space with the experimental results for √ s = 91 to 206 GeV at LEP2 to understand the constraints for the models used. The data at LEP2 was not fully exploited which motivated us to carry out this analysis.
In Section II, we give a very brief outline of probability distribution functions (PDF) of Tsallis, Weibull and their modified forms along with the references for full details. These details were given in our earlier publications also [15, 16] . But for the sake of completeness, these are outlined in this paper also. The modification of distributions done by the convolution of PDFs from 2-jet fraction and multi-jet fractions by using appropriate weights, is implemented to improve the fitting results. The 2-jet fractions for various energies have been taken from the DURHAM algorithm [17, 18] , one of the most widely used algorithm for LEP data analyses.
Section III presents the analyses of experimental data and the results obtained by two approaches. Discussion and conclusion are presented in Section IV.
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II. CHARGED MULTIPLICITY DISTRIBUTIONS, TSALLIS AND WEIBULL Charged particle multiplicity is defined as the average number of charged particles, n produced in a collision < n >= nmax n=0 nP n . We briefly outline the distributions used for studying the multiplicity distributions;
A. Tsallis and modified Tsallis distributions
Tsallis statistics deals with entropy in the usual Boltzman-Gibbs thermo-statistics modified by introducing q-parameter and defined as;
where P a is the probability associated with microstate a and sum of the probabilities over all microstates is normalized to one; a P a = 1. Tsallis entropy is defined as;
where q is entropic index with value, q > 1 and 1 − q measures the departure of entropy from its extensive behaviour. In Tsallis q-statistics probability is calculated by using the partition function Z, as
where Z represents the total partition function and Z
N q
represents partition function at a particular multiplicity. For N particles, partition function can be written as,
n represents the gas density, V is the volume of the system and v 0 is the excluded volume associated to a particle. The Heavyside Θ-function limits the number of particles inside the volume V to N < V /v 0 .N , the average number of particles, is given bȳ
where λ is related to the temperature through the parameter β as;
K-parameter is related to q and excluded volume, by
Details of the Tsallis distribution and how to find the probability distribution can be obtained from [9] . In one of our earlier papers, we have analysed the e + e − interactions at various energies for full phase space data and described the procedure in detail in reference [16] . We also proposed to modify and build the multiplicity distribution by adding weighted superposition of multiplicity in 2-jet events and multiplicity distribution in multijet events. We then calculated the probability function from the weighted superposition of Tsallis distributions of these two components, as given below;
where α is a weight factor which gives 2-jet fraction from the total events and is determined from a jet finding algorithm.
B. Weibull and modified Weibull distributions
Weibull distribution is a continuous probability distribution which can take many shapes. It can also be fitted to non-symmetrical data.
The probability density function of a Weibull random variable is;
The standard Weibull has characteristic value λ > 0, also known as scale factor, and shape parameter k > 0 for its two parameters.The two parameters for the distribution are related to the mean of function, as
Modified Weibull distribution has been obtained by the weighted superposition of two Weibull distributions to produce the multiplicity distribution. We convolute the weighted distributions due to 2-jet component and multijet component of the events, as below;
where α is the weight factor for 2-jet fraction out of the total events and the remaining 1 − α is the multi-jet fraction. α is calculated from the DURHAM jet algorithm, as discussed in the next section.
III. ANALYSIS ON EXPERIMENTAL DATA & RESULTS
Experimental data on e + e − collisions at different collision energies at LEP2 and from two experiments are analysed. Details of the data used from the experiments, L3 [19] and OPAL [20] [21] [22] [23] at different energies between √ s = 91 to 206 GeV in the full phase space are given in Table I . The experimental distributions are fitted with the predictions from Tsallis q-statistics and the Weibull distributions as described in the following two sections.
A. Tsallis versus Weibull
The probability distributions using Tsallis distribution function and Weibull function are calculated using equations (3-7) & (9-10) and fitted to the experimental data. Figure 1 shows the Tsallis fits to the data and figure 2 shows the Weibull distributions fitted to the data in different center of mass energies for L3 and OPAL data.
We find that overall, Weibull fails to reproduce the distributions, particularly in the high multiplicity intervals, while Tsallis distribution shows good fit in full phase space. Detailed comparison between the two functions is shown in Tables II & VI It is also observed that for Weibull distribution, λ values increase with energy, as expected. Similarly for Tsallis distribution, the q value which measures the entropic index of the Tsallis statistics, is more than 1 in every case. This confirms the non-extensivity of the Tsallis statistics.
B. Modified Tsallis versus Modified Weibull
It was observed [26] that the multiplicity distributions have a shoulder-like structure at high energies. The Tsallis and the Weibull distributions both give very high 2 /ndf values and do not describe the data well at high energy. In our previous publication [16] we suggested to adopt the Giovannini's approach [26] whereby the multiplicity distribution is obtained by using the weighted superposition of two distributions; one accounting for the 2-jet events and another for multi-jet events. For the present work, we use this approach on both Tsallis and Weibull distributions. We call these as modified Tsallis and modified Weibull distributions. The probability functions for the two cases are given in equations (8 & 11) . Using the modified distributions, data at all energies mentioned in TableI have been analysed.The 2-jet fraction used in the analysis are derived from the DURHAM algorithm, as explained in references [18, 27] .
Using this approach for √ s= 130 to 206 GeV, data from L3 and OPAL Collaborations are analysed for full phase space. We use these data as the shoulder structure is prominent at this energy. Fit parameters, χ 2 /ndf and p values for both modified Weibull and modified Tsallis distributions are given in Table VI. Figure 3 The fit procedure uses ROOT 5.36 from CERN to minimise the χ 2 using the library MINUIT2. The fitting procedure for Tsallis distribution involves 4 free parameters and a normalisation constant. Several options of minimization (MIGRAD, MINOS, FUMILI) had to be tried to get the covariance matrix positive definite. Also n,V and v 0 are correlated, we had to choose nV and nV 0 as free parameters for meaningful fits independent of the starting values of fit parameters. In the Weibull distribution, the fit procedure is more straight forward without involving such constraints. However, for both modified Tsallis and modified Weibull distributions, the fit parameters are doubled while introducing the modification. Minimization then leads to larger errors on the fit parameters, especially in K2 & q2 for Tsallis and λ2 & K2 for Weibull. This may lead to very large p values, particularly close to unity. The additional uncertainty comes in because of very low statistics at some energies. Figure 5 shows plots of the q, q1 and q2 values estimated from Tsallis and modified Tsallis fits. The band shown are the confidence bands. The mean values are q = 1.3879 ± 0.0950, q1 = 1.0766 ± 0.0174 and q2 = 1.48864±0.0998. The figure shows that the q-values in all cases, Tsallis and modified Tsallis, are more than unity, emphasising the non-extensive nature of entropy.
IV. CONCLUSION
Detailed analysis of the data on e + e − collisions at LEP2 energies, √ s=130 to 206 GeV has been done by fitting the recently proposed Weibull distribution in comparison to the Tsallis distribution. For the sake of consistency cross check with earlier results, we have also considered 91 GeV from OPAL. It is observed that the Weibull fits for data from L3 experiment at all energies from 130.1 to 206.1 GeV are statistically excluded with For the data from OPAL experiment, Weibull fit is statistically excluded for all energies between 91 to 189 GeV with CL < 0.1%, with an exception, is good only for energy at 172 GeV. In contrast, Tsallis fit is excluded only for one energy at 91 GeV and remains a good fit for all energies from 131 to 189 GeV with CL > 0.1%.
A comparison of the χ 2 /ndf values in Tables II shows  that χ 2 /ndf values for the Tsallis distributions are lower by several orders than the Weibull distribution, confirming that Tsallis distribution fits the data far better than Weibull.
The shape parameter k in the Weibull distribution affects the shape of the distribution. Within the LEP2 energy range, the value of k decreases slightly within limits of errors with increasing energy, as can be seen in Ta out the distribution is. At higher collision energies, the mean multiplicity increases and so does the number of high multiplicity events. As a result, λ is expected to increase to account for the broader shape. Similar results can be observed from the modified Weibull fit distribution parameters in table III & VI where λ1 and λ2 values increase systematically from lower to higher energy. In the Tsallis distribution, K parameter measures the deviation from Poisson distribution and is related to the variance. The definition of K is motivated by the k parameter of a negative binomial distribution, as given by equation (6) . Tsallis statistics for q > 1 with excluded volume v 0 produces the multiplicity distributions that are wider than the Boltzmann-Gibbs ones. In some analysis the excluded volume is fixed between 0.3-0.4 f m 3 . The corresponding value of volume V then varies from few f m 3 to few tens of f m 3 [9] . It is known that the multiplicity distributions at higher energies show a shoulder structure. In order to improve upon both Weibull and Tsallis fits to the data, we proposed to build the multiplicity distribution by a convolution of 2-jet component and the multi-jet component. For the various energies, the 2-jet fraction values calculated from various jet algorithms are available. We show that by appropriately weighting the multiplicity distribution with the 2-jet fraction obtained from DURHAM algorithm for √ s = 91 to 206 GeV, both Tsallis and Weibull distributions describe the data well, giving the statistically significant results. The modified Tsallis distribution reproduces the data well with CL > 0.1% for all energies, from both L3 and OPAL experiments. The modified Weibull distribution, also improves the fits by several orders, but fails to describe the data at most of the energy points, as observed from p values in Table VI . It gives good results only at 130.1 and 172.3 GeV.
In the fitting of the PDFs, modifide Weibull fits have 4 free parameters while modified Tsallis distribution has 8 free parameters. Due to limited number of data points, fit parameters suffer from large errors, especially in Tsallis distribution. While the Tsallis has the disadvantage of larger number of fit parameters, Weibull offers a simplistic approach with fewer parameters. Nevertheless the present detailed analysis establishes that the performance of Tsallis is superior to the Weibull. The q value known as entropic index in Tsallis distribution, accounts for the nonextensive thermostatistical effects in hadron production and is expected to be more than 1. The mean values of q measured for total sample of events, events with two jets and events with multijets are q = 1.3879 ± 0.0950 , q1 = 1.07657 ± 0.1737 and q2 = 1.48864 ± 0.0998 respectively. This not only confirms the non-extensive behaviour of Tsallis entropy but also asserts that the behaviour is more pronounced in the events with higher multiplicity. Thus, the analysis presented, using the data at higher energies from different experiments asserts our conclusion presented earlier, on the comparison between Tsallis and Weibull fits. 
